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Abstract. This paper presents parallel versions of Gusfield’s cut tree al-
gorithm. Cut trees are a compact representation of the edge-connectivity
between every pair of vertices of an undirected graph. Cut trees have
many applications in combinatorial optimization and in the analysis of
networks originated in many applied fields. However, surprisingly few
works have been published on the practical performance of cut tree al-
gorithms. This paper describes two parallel versions of Gusfield’s cut
tree algorithm and presents extensive experimental results which show a
significant speedup on most real and synthetic graphs in our dataset.
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1 Introduction

A cut tree is an important combinatorial structure able to represent the edge-
connectivity between all pairs of nodes of undirected graphs. Cut trees have many
direct applications, e.g. [2T2IT9I23], and algorithms for cut tree construction are
used as subroutines to solve other important combinatorial problems in areas
such as routing, graph partitioning and graph connectivity, e.g. [22[9/18/14].

Despite of the numerous applications of cut trees, few studies were done on
the practical performance of cut tree algorithms. Distributed or parallel imple-
mentations of cut tree algorithms are not available and experimental studies of
such implementations have not yet been published.

This paper describes two parallel versions of Gusfield’s cut tree algorithm and
presents experimental results that show a significant speedup on most real and
synthetic graphs in our dataset.

The sequential Gusfield’s algorithm consists of n — 1 calls to a maximum flow
algorithm and the parallel version optimistically makes those calls in parallel.
Even though the iterations may depend on previous ones, the experiments show
that this a priori assumption rarely affects the performance of the algorithm and
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a significant speedup can be achieved. The implementations were tested using
real and synthetic graphs representing potential applications.

This paper is organized as follows. In Section 2] we present an overview of
the previous research on cut trees. Section [3 gives basic graph theory definitions
including the definition of cut trees. Section [ describes Gusfield’s algorithm in
its sequential and parallel versions. Section [G] defines the environment and the
parameters used in the experiments. The results are presented and discussed in
Section [6l Finally, in Section [l we present the conclusions and future work.

2 Related Work

The concept of cut trees and a cut tree construction algorithm were first discov-
ered by R. E. Gomory and T. C. Hu in 1961 [I3]. Another cut tree algorithm
was discovered by D. Gusfield in 1990 [15]. Let us call them GH algorithm and
Gus algorithm, respectively. Both algorithms require the computation of n — 1
minimum s-¢t-cuts (or, equivalently, maximum flows). We will discuss their dif-
ferences in Section @l The fastest deterministic maximum flow algorithm, by A.
V. Goldberg and S. Rao [I0], runs in time O(min{n3,mz}m). An extra O(n)
factor gives the worst case time complexity of the best deterministic algorithm
to find a cut tree of a weighted undirected graph.

The only published experimental study on cut tree algorithms is the paper
“Cut Tree Algorithms” by A. V. Goldberg and K. Tsioutsiouliklis [12]. They
compared the GH algorithm and Gus algorithm. They concluded that an opti-
mized version of the GH algorithm is more robust than Gus algorithm, justified
by the fact that at a few instances, Gus algorithm had a much worse running
time. We note, however, that most of those instances belong to synthetic classes
of graphs for which balanced cuts exist by construction. Despite of that, their
implementation of Gus algorithm was the fastest one more times than any of
their implementations of GH algorithm.

3 Definitions

A graph G is a pair (V(G), E(G)) where V(G) is a finite set of elements called
vertices and F(G) is a set of unordered pairs of vertices called edges. A capaci-
tated graph is a graph G associated with a function ¢ : E(G) — Z, defining the
capacities of the edges in E(G).

Let G be a capacitated graph. A cut of G is a bipartition of V(G). The cut
induced by a set X C V(G) is the bipartition {X, X} of V(@) induced by X,
where X = V(G) — X. The set Eg(X,X) = {{u,v} € E(G): v € X,v € X}
contains the edges that cross the cut {X, X }. The capacity of the cut {X, X} is
(X, X) =Y cepax.x) cle).

Let s and t be two vertices of G. An s-t-cut of G is a cut {X, X} such that
s€ X and t € X. A minimum s-t-cut is an s-t-cut of minimum capacity. A cut
{{s},V — {s}} is called a trivial cut. The local connectivity between s and t in
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V(G), denoted by Ag(s,t), is the capacity of a minimum s-t-cut. Any maximum
flow algorithm for directed graphs can be used to compute the local connectivity
in undirected graphs using the reduction that transforms each undirected edge
into two antiparallel edges.

All Pairs Minimum Connectivity. Consider the problem of finding the local
connectivity between all pairs of vertices of an undirected graph. The naive
solution consists of running (g) maximum flow algorithms, one for each pair of
vertices. R. E. Gomory e T. C. Hu [I3] showed that only n — 1 maximum flow
computations are necessary. The solution to the problem consists of constructing
a weighted tree that represents the values of all pairwise local connectivities.

A flow equivalent tree of a graph G is a capacitated tree T' with vertex set
V(@) such that for all u,v € V(G) the minimum capacity of an edge on the
path between u and v in T equals the local connectivity Ag(u,v), i.e., Ap(u,v) =
Ag(u,v), forall u,v e V(G).

A cut tree is a flow equivalent tree T such that the cut induced by removing
an edge of minimum weight from the path between u and v is a minimum wu-v-cut
of G, for all u,v € V(G). Cut trees are also called Gomory-Hu trees [20].

(a) Example of an (b) Cut tree
undirected weighted

graph and a minimum

A-F-cut

Fig. 1. Examples of an undirected graph, a minimum cut and a cut tree

Fig. shows a cut tree of the graph of Fig. Figure shows a

minimum cut between vertices A and F induced by the removal of the edge
{C, D} from the tree.

4 Cut Tree Algorithms

Two cut tree algorithms for weighted undirected graphs are known: the Gomory-
Hu’s algorithm [13] and Gusfield’s algorithm [15]. Both algorithms make n — 1
calls to a maximum flow algorithm and they use a divide and conquer approach.
The algorithms differ in their data structure: while the former algorithm con-
tracts the original graph, the latter computes all cuts on the input graph. After
describing Gus algorithm and comparing it with GH algorithm, we discuss the
choice to parallelize Gus algorithm.
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4.1 Gusfield’s Algorithm - Sequential Version

The sequential Gus algorithm consists of n—1 iterations, each of them containing
a call to a maximum flow algorithm on the input graph. See the pseudocode in
Algorithm [0l Initially, the tree is a star with all vertices pointing to node 1 (lines
[IH2). At each iteration (lines[BH6), the algorithm chooses a different source vertex
s, s > 2. This choice determines the destination vertex t as the current neighbor
of s in the tree. Then, using a maximum flow algorithm, a minimum s-t-cut is
found. The tree is reshaped as follows: every neighbor ¢’ of ¢, ' > s, that sits on
the side of s of the cut gets disconnected from ¢ and gets connected to s. The
algorithm ends when each node from 2 to n has been the source of an iteration.
The implementation of the algorithm is simple and requires no changes in the
maximum flow algorithm. This version of the algorithm finds a flow equivalent
tree. A small change in the algorithm causes it produce a cut tree: in line [§]
allow any neighbor of ¢ that belongs to X to become a neighbor of s.

Algorithm 1. Sequential Gusfield’s Algorithm

Input: G = (Vg, Eg,c) is a weighted graph
Output: T = (Vr, Er, f) is a flow equivalent tree of G
: for i =1 to |Vg| do

tree; — 1
// |Va| — 1 maximum flow iterations
for s — 2 to |Vg| do

t « trees

flows «— max-flow(s, t)

X, X} < minimum s-t-cut
/ update the tree
for u € Vg, u> s do
if tree, =t and u € X then
tree, < s

// return the flow equivalent tree
10: Vpr «— Vg
11: Er «— 0
12: for s « 2 to |Vg| do
13: Er «— Er U{s,trees}
14:  f({s,trees}) « flows
15: return T = (Vr, Er, f)

DN =

4.2 Parallelization of Cut Tree Algorithms

A parallel solution to the cut tree problem involves two choices: the algorithm
to implement (Gus or GH algorithm) and the level of parallelism to explore.
First, we will argue that Gus algorithm is a better choice for parallelization.
GH algorithm is similar to Gus algorithm but after finding a minimum s-t-cut,
it contracts each side of the cut and recurse on each of the graphs obtained.
The existence of balanced minimum cuts favors the GH algorithm because the
graph size is reduced at each iteration. Most real graphs and graphs generated by
random models such as Erdos-Rényi (ER) model and the preferential attachment
model rarely have balanced cuts. That means not only that the subproblems do
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not get much smaller, but also that load balancing among processors does not
occur. Indeed, in our preliminary experiments with the sequential implementa-
tions used in [12], Gus algorithm outperformed GH algorithm on all large real
graphs in our dataset and all graphs generated by the ER model and the BA
model. This can only happen when balanced cuts are rare or nonexistent.

Gus algorithm always executes maximum flow algorithms on the same input
graph. Therefore, each process can simply start with a copy of the graph and no
further transmissions of the input graph are necessary. The interprocess commu-
nication only comprises of source and destination pairs, cuts and connectivity
values. On the other hand, a parallel GH algorithm would require more inter-
process communication because either the graphs or the contracted subsets of
vertices should be sent from the master to the slaves threads or processes.

For all these reasons, it seems that Gus algorithm is more amenable to par-
allelization than GH algorithm. Nonetheless, further research can be done to
explore possible ways to parallelize GH algorithm to produce a faster algorithm
for graphs that contain balanced cuts. A hybrid algorithm is another possibility.

With respect to the level of parallelism to explore, we note that the maximum
flow problem is hard to parallelize. Despite of extensive research on the prob-
lem, experimental studies of parallel max flow algorithms report very modest
speedups [3I16] due to the synchronization requirements. On the other hand,
Gus algorithm can run one sequential maximum flow per thread or process,
without synchronization, and achieve high speedups, as we will see in Section [G

4.3 MPI Version

MPI has emerged in the early 1990s as a set of libraries for process management
and message exchange in distributed memory architectures [6]. The advantage
of this solution is scalability, because it uses independent computers that can be
easily connected through the network. However, in comparison with OpenMP,
MPI requires a larger reorganization of the code sequence to obtain the parallel
solution, usually based on the master/slave model.

The pseudocode of the MPI implementation appears in Algorithm[2l The mas-
ter process is procy and the slaves are procy, .., procy,—1. Each process maintains
a copy of the input graph. We assume that Vg = {1,2,3,...,|Vg|}. The master
creates the tasks and sends them to the slaves (lines Bl [[5] and [I8). Each task
contains the source and the destination nodes, s and ¢, inputs of the maximum
flow algorithm. When a slave finishes a task, it sends the value of the maximum
flow and the cut to the master. Based on these data, the master may update
the tree if s is still a neighbor of ¢ (line [@). This is done in the same way as
the sequential algorithm. If s and ¢ are not neighbors by the time of processing
the task result, then we say that the task “failed” and another task having s as
the source is produced (line [I8]). The stop condition of the while loop in line [Tl
guarantees that |Viz| — 1 successful receives are executed.

The structure of the graph influences the number of failed tasks. If the s-t-cut
{X, X} is such that X is small, the tree suffers few changes. The speedup of the
parallel execution depends on the number of tasks that fails.
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Algorithm 2. MPI Gusfield’s Algorithm

Input: G = (Vg, Eg, ¢), proc; processors (0 < j < P)
Output: T = (Vp, Er, f) is a flow equivalent tree of G

1: if proc; = 0 then // master process

2: for:+ 1 to |Vg| do

3 tree; «— 1

4:  for s — 2 to P do

5: send Task(s, trees) to procs—1

6: s—P+1

7:  while s < P+ |Vg| do

8 receive result s', t', flow, {X, X} from proc;
9: if tree,, = t' then // update the tree
10: flowy = flow

11: for allu € Vg, u> s’ do

12: if tree, =t and v € X then

13: tree, «— s’

14: if s < |Vg| then

15: send a new Task(s, trees) to proc;
16: s—s+1

17: else // failed, try again

18: send Task(s', tree,/) to proc;

// Build T as in lines [[OHI4] of the sequential algorithm
19: return T
20: else // slave processes

21:  while more tasks do

22: receive Task(s, t)

23: flow, {X, X} < MaxFlow(s, t)
24: send s, t, flow, {X, X} to proco

4.4 OpenMP Version

OpenMP is an API (Application Programming Interface) designed for parallel
programming on shared memory architectures (SMP). This APT offers policies
that can be added to code sequences in Fortran, C and C++ which define how
work is shared among threads to be executed on different processors/cores and
how data on shared memory is accessed [6].

The adaptation of Gusfield’s algorithm to OpenMP was done by the paral-
lelization of the main loop which performs the n — 1 calls to the maximum flow
routine. See Algorithm Bl Let & be a predefined maximum number of threads.
The algorithm uses an optimistic strategy and finds £ minimum s-¢-cuts in par-
allel. Each of these cuts is a candidate for changing the tree. After computing
its s-t-cut, each thread verifies if the destination ¢ is still a neighbor of s in the
tree. If it is not, meaning that the cut of a previous successful thread separated
s from t, then we say that the thread “failed” and another s-t-cut is computed
in order to separate s from its new neighbor. If the thread succeeds in sepa-
rating s from ¢, it proceeds to update the tree. The test and the operations on
the tree are done inside a critical region, what guarantees the correctness of the
algorithm.
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Algorithm 3. OpenMP Gusfield’s Algorithm

Input: G = (Vg, Eg,c), P the number of processors
Output: T = (Vp, Er, f) is a flow equivalent tree of G
1: for i — 1 to |V¢| do
2: tree; — 1
// |Va|—1 maximum flow iterations

3: for s « 2 to |Vg| in parallel do

4:  proc; is an idle process

5:  succeed — false

6: repeat

7 t «— trees

8: proc; executes flow, {X, X} «— MaxFlow(s, t)
// omp critical region

9: if trees =t then

10: proc; updates the tree

11: succeed < true

12:  until succeed

// Build T as in lines [[0HI4] of the sequential algorithm
13: return T

5 Experimental Setup

The experiments with MPI ran on a cluster with 15 Intel Core 2 Quad 2.4 GHz, 2
Gbyte memory and 4096 Kbyte cache, interconnected by a Gigabit Ethernet net-
work. The experiments with OpenMP used a Quad-Core 2.8 GHz AMD Opteron
workstation with 8 cores, 8 Gbyte memory and 512 Kbyte cache. The code was
written in C language and compiled with gcc (optimization level -03). Our im-
plementations are based on the push-relabel maximum flow algorithm [I1] code
HIPRI, developed by B.V. Cherkassky and A.V. Goldberg [8]. We implemented
the flow equivalent tree version of Gus algorithm.

The dataset was composed of 10 graphs as shown in Table [l The first four
graphs come from real data: 2 collaboration networks [I7/4], a power grid network
[24] and a peer-to-peer network [I7]. Two networks were generated by random
models: the Erdés-Rényi (ER) model [5] and the preferential attachment model
[1]. The other 4 graphs are synthetic graphs of different types that have been
used as benchmarks for min cut and cut tree algorithms [7/12].

Table 1. Sizes of the graphs in the dataset

|Graph || V| | |E| | |Graph || V| | |E| |
CA-HEPPH 11,204|235,238 ER 10,000| 49,841
GEOCOMP 3,621| 9,461 DBLcyc|| 1,024 2,048
POWERGRID 4,941| 6,594 NOI 1,500(562,125
P2P-GNUTELLA|[10,876| 39,994 Patu 2,000| 21,990
BA 10,000| 49,995 TREE 1,500(563,625

! Owned by IG Systems, Inc. Copyright 1995-2004. Freely available for research pur-
poses.
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Speedups were calculated as S = Ts/Tp, where Ty is the time of the sequential
implementation of Gusfield’s algorithm and T’p is the execution time in parallel
on P processes. The efficiency was calculated using F = S/P.

6 Experimental Results

Initial tests were performed in order to define the best scheduling strategies for
the tasks. For MPI, the best results were achieved running the master process
and one slave in one machine and the other slaves in individual machines. For
OpenMP, the loop scheduling with best performance was the OpenMP dynamic
scheduling that distributes tasks during runtime in order to balance the load.
All further experiments used these strategies.

Results with MPI. Let P be the number of processes. For P = 2, the algorithm
runs the master and 1 slave process. Because the slave waits for a task, the
execution is sequential and, therefore, So < 1 and E; < 0.50. For P > 2, at
least one of the P — 1 slaves waits while the master tries to update the tree. Let
us approximate the sequential time by Ty = Tr + T, where TF is the time to
compute |V| — 1 maximum flows and Tr is the time to update the tree. A lower
bound on the parallel time can be computed by assuming the best case where
the maximum flow work is divided evenly by the P — 1 slave processes. Each
slave takes % time to compute maximum flows and waits idle approximately

% time for new tasks. Therefore, the parallel running time with P processes is

bounded by Tp > 12+Ir The speedup can be upper bounded by P — 1, because

P-1
g, — Ts Tp+Tr P_1
P = Tp Tr+Tr o
P-1
An upper bound for the efficiency is Ep = 32 < £-1
P P
MPI OpenMP
: Graphs ® ) Graphs
© CA-HepPh /s © CA-HepPh
& Geocomp Y «1 | Geocomp -
+ Powergrid ;/" N + Powergrid /
% P2P-Gnutella ///0/* 7 : giP—Gnutella &
o BA o % .
ER *//: 7’;/ . @4 ER ‘/
¢ |= DBLCYC /i @ DBLCYC e
V44 2 e
NOI . < &1 NOI . L
i PATH //g? T /o/ o . i PATH §/ / i /+
e © TREE y /9743/ g @ TREE / /téo
H /*‘/Q// /9///. N 8 & _— i
’ psa . S
T Y i
= /%%g/ y - / %/%*
77 - S 97 =
?%f///o/ i e 7 3 /
/gzo/ e /g/
y %ﬁ/ /t43>.<z/A .
= 1A~
o
o 4)/ o

num. de processos

num. de threads

Fig. 2. Speedups with MPI e OpenMP
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Table 2. MPI results with the running times, speedups (S) and efficiency (E) of each
graph in the dataset

procs time S E | time S E | time S E |time S E | time S E
2.25

‘ Num H CA-HepPh Geocomp Powergrid P2P-Gnutella BA

sequential||475.01 - - - - 3.85 - - - - - -
479.93 0.99 0.49| 6.45 0.35 0.17| 12.31 0.31 0.16(73.24 0.89 0.45| 95.49 0.92 0.46
283.42 1.68 0.56] 2.37 0.95 0.32] 4.01 0.96 0.32][36.25 1.80 0.60] 47.58 1.84 0.61
201.56 2.36 0.59| 1.53 1.47 0.37| 2.57 1.50 0.37]|24.88 2.62 0.66| 31.94 2.75 0.69

2
3
4
5 157.89 3.01 0.60| 1.17 1.93 0.39] 2.04 1.89 0.38]19.01 3.43 0.69| 24.04 3.65 0.73
6
7
8
9

65.23 87.71

143.35 3.31 0.55| 0.97 2.32 0.39] 1.69 2.27 0.38{16.94 3.85 0.64| 21.66 4.05 0.67
117.33 4.05 0.58| 0.84 2.69 0.38| 1.39 2.77 0.40(13.92 4.69 0.67| 18.07 4.85 0.69
99.64 4.77 0.60| 0.79 2.84 0.35| 1.24 3.10 0.39(11.73 5.56 0.69| 14.42 6.08 0.76
87.25 5.44 0.60| 0.77 2.94 0.33] 1.30 2.96 0.33[10.52 6.20 0.69| 12.77 6.87 0.76

10 76.84 6.18 0.62| 0.77 291 0.29] 1.19 3.24 0.32| 9.24 7.06 0.71| 11.16 7.86 0.79
11 69.05 6.88 0.63| 0.69 3.27 0.30] 1.01 3.80 0.35| 8.25 7.91 0.72] 9.87 8.89 0.81
12 63.01 7.54 0.63] 0.65 3.48 0.29] 1.04 3.69 0.31| 7.47 8.73 0.73] 8.98 9.77 0.81
13 57.54 8.26 0.64] 0.61 3.69 0.28] 1.03 3.75 0.29| 6.97 9.36 0.72| 8.06 10.89 0.84
14 53.50 8.88 0.63] 0.57 3.97 0.28] 0.99 3.87 0.28| 6.27 10.41 0.74| 7.41 11.83 0.85
15 49.06 9.68 0.65| 0.54 4.14 0.28] 0.82 4.70 0.31| 5.78 11.29 0.75] 6.94 12.63 0.84
16 46.52 10.21 0.64] 0.58 3.88 0.24| 0.82 4.67 0.29| 5.41 12.06 0.75] 6.45 13.60 0.85
Num DBLCYC ER NOI PATH TREE
‘ procs H time S E | time S E | time S E |time S E | time S E
sequential|| 11.13 - - |104.23 - - |384.84 - - | 5.42 - - |236.78 - -
2 13.83 0.81 0.40]109.90 0.95 0.47]385.61 1.00 0.50| 7.52 0.72 0.36/237.10 1.00 0.50
3 6.88 1.62 0.54| 52.40 1.99 0.66[194.59 1.98 0.66| 3.32 1.63 0.54[117.89 2.01 0.67
4 4.66 2.39 0.60| 34.82 2.99 0.75[130.75 2.94 0.74| 2.22 2.44 0.61| 78.53 3.02 0.75
5 3.65 3.05 0.61] 26.17 3.98 0.80| 99.07 3.88 0.78| 1.67 3.25 0.65| 58.90 4.02 0.80
6 2.98 3.74 0.62| 23.70 4.40 0.73| 90.11 4.27 0.71| 1.35 4.00 0.67| 53.11 4.46 0.74
7 2.52 4.41 0.63| 19.30 5.40 0.77| 74.08 5.20 0.74| 1.16 4.69 0.67| 43.45 5.45 0.78
8 2.21 5.04 0.63| 16.27 6.40 0.80| 63.36 6.07 0.76] 0.98 5.54 0.69| 36.59 6.47 0.81
9 2.06 5.39 0.60] 14.49 7.19 0.80| 55.65 6.92 0.77| 1.01 5.39 0.60 31.79 7.45 0.83
10 1.84 6.05 0.60| 12.75 8.17 0.82| 49.59 7.76 0.78| 0.89 6.06 0.61| 28.07 8.43 0.84
11 1.70 6.55 0.60| 11.42 9.13 0.83| 44.70 8.61 0.78| 0.79 6.86 0.62| 25.16 9.41 0.86
12 1.58 7.06 0.59| 10.43 10.00 0.83| 41.38 9.30 0.77| 0.74 7.33 0.61| 22.94 10.32 0.86
13 1.44 7.750.60] 9.53 10.93 0.84| 37.81 10.18 0.78| 0.67 8.04 0.62 20.91 11.32 0.87
14 1.33 8.38 0.60| 8.80 11.84 0.85| 35.21 10.93 0.78| 0.69 7.81 0.56 19.20 12.33 0.88
15 1.27 8.76 0.58] 8.07 12.92 0.86| 33.10 11.63 0.78| 0.59 9.14 0.61] 17.83 13.28 0.89
16 1.19 9.34 0.58 7.63 13.66 0.85| 30.37 12.67 0.79| 0.56 9.73 0.61| 16.50 14.35 0.90

Results of the MPI implementation appear in Table Bl and in Fig. Bl The
running times are the average of 10 runs. Efficiencies for the instances TREE
and ER achieve the upper bound % for P between 2 and 5 and they are not
far from the maximum for greater values of P.

The speedups are consistently high for all graphs but POWERGRID and GEO-
CcOMP which are the easiest instances for the sequential algorithm. The efficiency

drops as the number of fails increases as shown in Fig. Bl

Results with OpenMP. Results for the parallel Gusfield’s algorithm with
OpenMP on a 8-core computer are reported in Table Bland in Fig. 2l Efficiency
was above 0.50 on most executions.

The best speedup obtained with OpenMP and 8 threads in real graphs was
4.48 and in synthetic graphs was 6.01. The worst speedup in real and synthetic
graphs for 8 threads were 3.18 and 3.73, respectively. We report other posi-
tive results on a 16-core computer where the implementation achieved the best
speedup of 9.4 running 16 threads on the NOI5 graph. An experiment on an ER
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Table 3. OpenMP results with the running times, speedups (S) and efficiency (E) of
each graph in the dataset

Num CA-HepPh Geocomp Powergrid |P2P-Gnutella BA

threads

time S E

time S E

time S E

time S

E

S E

time

1

517.07 - -

2.10 -

3.03 - -

65.79 -

87.66

314.32 1.65 0.82

1.29 1.63 0.82

1.94 1.56 0.78

44.10 1.49

0.75

44.94 1.95 0.98

233.42 2.22 0.74

0.97 2.17 0.72

1.47 2.06 0.69

30.87 2.13

0.71

36.24 2.42 0.81

190.77 2.71 0.68

0.80 2.64 0.66

1.20 2.53 0.63

26.31 2.50

0.63

29.71 2.95 0.74

173.56 2.98 0.60

0.66 3.19 0.64

1.01 3.00 0.60

21.00 3.13

0.63

27.29 3.21 0.64

164.59 3.14 0.52

0.58 3.60 0.60

0.88 3.42 0.57

19.96 3.30

0.55

24.35 3.60 0.60

160.22 3.23 0.46

0.52 4.05 0.58

0.82 3.72 0.53

17.93 3.67

0.52

24.08 3.64 0.52

00 [ O] U x| W 1|

162.48 3.18 0.40

0.47 4.48 0.56

0.76 4.01 0.50

18.44 3.57

0.45

23.50 3.73 0.47

Num
threads

DBLCYC
time S FE

ER

time S FE

NOI

time S FE

PATH

S

time

E

TREE

time S FE

10.12 -

115.16

585.37

5.60

315.09 -

11.09 0.91 0.46

57.71 2.00 1.00
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Fig. 3. Some graphs with results of the MPI executions. Dots represent real time.
Triangles represent the number of loop fails. The speedups appear on the top margin
of each graph.

graph with 3000 nodes and average degree 5, achieved 9.2 of speedup running
10 threads with 0.92 of parallel efficiency.

The OpenMP implementation is not as scalable as the MPI implementation
because on the multi-core computers loop fails are not the only factor affecting
performance and memory access becomes a bottleneck as the number of threads
increases. Also, since each thread requires its own copy of the graph, memory
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usage increases. Our implementation with OpenMP scales well up to 10 to 16
threads depending on the instance.

7 Conclusion

Cut trees are a widely used combinatorial structure. Two sequential cut tree al-
gorithms are known, but no parallel implementation of them has been reported in
the past. This paper presents results of parallel implementations of Gusfield’s cut
tree algorithm using OpenMP and MPI. The results show that parallel versions
of the algorithm can achieve high speedups. The parallel solution is relatively
simple, requiring few changes in the original code, particularly with OpenMP.
While OpenMP allows a greater control over the running threads, MPI provides
more scalability. The implementations are complementary as they can explore
the benefits of multi-core machines and computer clusters.

Future work includes a formal analysis of the running times and the scalability
of the solutions and an experimental comparison of Gusfield’s Algorithm with
Gomory-Hu’s Algorithm. Heuristics to improve efficiencies and the scalability of
the solutions can be explored.
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