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Abstract

In this paper we present structural and algorithmic re-
sults for problems involving the packing of T-joins. We
explore minimax relations that relate the size of a packing
of T-joins with the size of a minimum 7T-cut in a graph.
We present a new conjecture stating that if all T-cuts
have the same parity then the maximum size of a family
of T-joins that uses each edge at most twice equals the
double of the size of a minimum 7-cut. We show that
this conjecture is equivalent to a famous conjecture for
perfect matchings. We also prove a theorem for the case
|T'| < 8 and describe a polynomial time algorithm for the
maximization problem.

1 Introduction

Many combinatorial optimization problems are re-
lated in pairs, a maximization problem and a min-
imization one. When these problems have equal op-
timal solutions we say that they are related by a
minimaz equality. Classical examples are the dual-
ity theorem of linear programming and the maxi-
mum flow-minimum cut theorem of L.R. Ford and
D.R.Fulkerson. Minimax equalities are related to the
existence of polynomial time algorithms to their un-
derlying problems and often give good insights about
possible algorithms. For good surveys on the sub-
ject see A. Schrijver’s paper [10] and M. Grotschel,
L. Lovész and A. Schrijver’s book [4].

In this work we study some minimax relations for
the cardinality of the maximum disjoint families of
T-joins and the minimum 7T-cuts. These problems
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possess many connections with the theory of perfect
matchings and network flows. [6]

T-cuts and T-joins The concept of T-cuts gener-
alizes that of odd cuts, the cuts with an odd number
of edges. Minimal sets of edges that cover all T-cuts
of the graph are instances of the T-joins, to be defined
formally in the sequel.

Given a graph G = (V,E) and a set of vertices
X CV, the cutset of X, denoted by 6(X), is the set
of edges that have one end in X and the other in
VAX. A set of edges d C E is a cut of G if for some
X CV,d=46X).

A cut with an odd number of edges is called an odd
cut. Given a subset of vertices T' C V', we say that a
cut is a T-cut if for some X C V, the cut equals 6(X)
and |[T'NX|is odd. Note that if some connected com-
ponent of the graph has an odd number of vertices
in T, then the minimum 7-cut is empty. Another
simple fact is that if we let T be the vertices of odd
degree of the graph then the T-cuts are exactly the
odd cuts.

A set of edges ¢ C FE is a covering of the T-cuts if
it intersects each T-cut of the graph. The minimal
coverings of the T-cuts have a special structure. A
set of edges t C F is a T-join if for all v € V', [§(v) Nt
is odd if v € T and even otherwise. See figure 1 for an
example. It can be proved that the minimal coverings
of the T-cuts are T-joins.

Disjoint Families of T-joins A set of T-joins
that have no pairwise intersection will be called a
disjoint family of T-joins. In general, given a family
(multiset) of T-joins, if each edge belongs to at most
k T-joins then the family will be called a k-disjoint
family of T-joins. The term packing is often used as
synonym with mazimum disjoint family.



Figure 1: An example of a T-join. The vertices in T are
the black ones.

The following theorem is well known:

Menger’s theorem In a graph, the number of
edge-disjoint paths between two vertices equals the
size of a minimum cut that separates the two ver-
tices.

This minimax equality can be restated in terms of
T-cuts and T-joins. It simply says that if ' C V
and |T'| = 2 then the size of a minimum T-cut equals
the size of a maximum disjoint family of 7-joins. The
T-cuts are exactly the cuts that separate the two ver-
tices of T' and the T-joins are the simple paths that
connect these two vertices.

For sets T' C V' of arbitrary sizes, it is not always
true that the equality described above is always at-
tained. Consider the graph of figure 2. The minimum
T-cuts of this graph have size 2 but there are no two
disjoint T-joins. To see this, note that all T-joins
have size greater than 2 and therefore two disjoint
T-joins should use all six edges of the graph. But
each of them should have two edges that are adjacent
to the vertex that is not in 7', the white one. But this
is impossible because the degree of that vertex is 3.

In fact, it was shown in [1] that the graph of fig-
ure 2 is the only minor-minimal graph for which the
equality does not hold. This means that any other
graph for which the equality does not hold can be con-
tracted (by deleting edges and identifying vertices) to
a graph with the same property.

Our Results As we have seen, the minimax equal-
ity for the disjoint families of T-joins does not hold in
general. Our purpose is to investigate analogous re-
lations for the 2-disjoint and 4-disjoint families. Our
first result shows the equivalence of a conjecture for
the 2-disjoint case when all T-cuts have the same par-
ity and a conjecture due to P.D.Seymour on perfect
matchings [9]. Our conjecture extends another con-

Figure 2: A graph with minimum T-cut of size 2 that
does not have 2 disjoint 7T-joins.

jecture introduced in that same paper and presents
a different method for reducing problems on T-joins
to problems on perfect matchings. This result is pre-
sented in the next section. On section 3 we prove a
minimax equality for the case |T'| < 8 and present
a polynomial time algorithm for the maximization
problem. To our knowledge this is the first efficient
algorithm for problems of packing of T-joins.

2 A new conjecture and an
equivalence result

A graph is called r-regular if all its vertices have de-
gree r. A graph is called an r-graph if it is r-regular
and every V-cut has cardinality greater than or equal
tor. A perfect matchingis a set of non-adjacent edges
that includes every vertex of the graph.

D. R. Fulkerson stated the following conjecture:

Conjecture 2.1 (Fulkerson) Every 3-graph has
six perfect matchings that includes each edge at most
twice.

It is well known that every 3-graph has a perfect
matching. In fact, the following general result is true

[2].
Lemma 2.2 (Edmonds) FEvery r-graph has a per-
fect matching.

It is not true, however, that all r-graphs have r dis-
joint perfect matchings. For instance, the smallest 3-
graph that does not have 3 disjoint perfect matchings
is the Petersen graph shown in figure 3.



Figure 3: The Petersen graph: a 3-graph that does not
have 3 disjoint perfect matchings.

Seymour [9] generalized Fulkerson’s conjecture:

Conjecture 2.3 (generalized Fulkerson) FEvery
r-graph has 2r perfect matchings that include each
edge at most twice.

In the same paper it was proved that the above
conjecture implies the following proposition:

Conjecture 2.4 (Seymour) If every wvertex have
an even degree then the size of a mazimum 2-disjoint
family of T-joins equals the double of the size of a
minimum T'-cut.

The following conjecture is also a consequence of
the conjecture 2.3:

Conjecture 2.5 The size of a 4-disjoint family of
T-joins equals four times the size of a minimum
T-cut.

The relation follows from the fact that if the edges
of any graph are “doubled” then in the new graph
each vertex has an even degree. Any 2-disjoint family
in the new graph corresponds to a 4-disjoint family
of the original graph.

In this section the following conjecture is investi-
gated.

Conjecture 2.6 If all T-cuts have the same par-
ity then the size of a maximum 2-disjoint family of
T-joins equals the double of the size of a minimum
T-cut.

We prove in the sequel that the above conjecture is
equivalent to the conjecture 2.3. The conjecture 2.6
includes the case where all vertices have even degree,
since in such situation all T-cuts have even cardinal-
ity. It also includes the case of odd cuts. In fact, if all
T-cuts have the same parity, one of those two cases
must happen. In the case of odd cuts the statement
of the conjecture is:

Conjecture 2.7 The size of a mazimum 2-disjoint
family of coverings of odd cuts equals the double of
the size of a minimum odd cut.

To prove the equivalence of the conjectures 2.3
and 2.6 we use the following idea. Given a graph
G = (V,E) and a set of vertices T C V, let r denote
the size of a minimum 7-cut of G. We show that
it is always possible to reduce G to an r-multigraph
that has T as its set of vertices. This graph is the
basis of an inductive argument. The reduction con-
sists in applying a series of operations that we will
call an edge-reduction and is defined as follows: given
a vertex v € V and two distinct edges {z,v} and
{y,v} both adjacent to v, the operation consists in
adding the edge {z,y} and deleting the edges {z,v}
and {y,v}. If x = y then the loop added to the graph
is removed. The edge-reduction operation may create
parallel edges if the edge to be added already belongs
to G. The operation is illustrated below:

A simple but important fact about edge-reduction
is the following:

Fact 2.8 If all T-cuts of the original graph have the
same parity then the edge-reduction operation pre-
serves that property.

The edge-reduction operation has been used to
prove many other results in graph theory. Interesting
applications of the method are presented in [3].



The equivalence result is presented below.

Theorem 2.9 The conjecture 2.6 is equivalent to the
congecture 2.3, that states that every r-graph has a 2-
disjoint family of perfect matchings of size 2r.

Proof: Keep in mind that the conjecture 2.6 as-
sumes as hypothesis that all T-cuts have the same
parity.

Let us first prove that the conjecture 2.6 implies
the conjecture 2.3. If G is an r-graph then every V-
cut has the same parity. If the conjecture 2.6 is true
then G has 2r V-joins that use each edge at most
twice. It follows from the definition of T-joins that
every V-join must have at least one edge adjacent
to each vertex of G. Besides, because the degree of
every vertex is r, each of the 2r V-joins would have
exactly one edge adjacent to each vertex. In other
words, each V-join is a perfect matching and the re-
sult follows.

To proof the other implication, let G = (V, E) be
a graph, T C V a set of vertices and 7 be the size of
a minimum 7T-cut of G.

If each connected component of GG is an r-graph or
a single vertex and T' = {v € V : §(v) = r} then
the conjecture 2.3 implies that G has 2r 2-disjoint
perfect matchings. Because a perfect matching is a
T-join for such graphs, the claim of conjecture 2.6 is
valid.

Edges adjacent to vertices not in T with degree 1
can be deleted since no T-join can use such edges.

Thus we can assume that the components of G
are not r-graphs or that there is a vertex not in T
with degree greater than or equal to 2. We prove the
implication by induction on the number of edges of
the graph. By induction hypothesis assume that the
result holds for each graph with less edges than G.

If » = 0 then the result is trivial. If » = 1, note
that the symmetric difference of a set of paths that
pairwise connect the vertices of 7" is a T-join. There-
fore, the graph has a T-join and the minimax equality
is attained again. Thus we can assume that r > 2.

Because G is not a collection r-graphs with vertices
in T then there exists a vertex v € V such that v ¢ T

with deg(v) > 2 or v € T and |6(v)| > r + 2.

Let Z C §(v) be a maximum set of edges that are
adjacent to v and that are contained in a minimum
T-cut.

If Z = () then the edge-reduction operation can be
applied to any pair of edges of §(v). Let {z,v} and
{y, v} be any pair of distinct edges and denote by G’
the graph obtained by their reduction. The size of a
minimum 7T-cut of G’ is also r because any T-cut that
contains the two edges has size greater than or equal
to r 4+ 2. By induction hypothesis, if the conjecture
2.3 is true then G’ has 2r 2-disjoint T-joins. Those
T-joins correspond to 2r T-joins of G because if a
T-join t uses the edge {z,y} we can substitute it by
t' = (\{{z,y}}) U{{x,v}, {y,v}}. The set of edges
' is a T-join because for any u € V, the sets §(u) Nt
and 6(u) Nt’ have the same parity.

Let us consider now the case when Z # (). We will
show that there are two edges of §(v) such that the
reduction operation on these edges again preserves
the size of the minimum 7T-cuts. This will permit the
application of the induction hypothesis in the same
way we did above.

CLAaM  Z does not include all edges of §(v), i.e.,
S(\Z # 0.

If §(v) = Z then there is a minimum 7T-cut §(X),
v € X CV, such that §(v) C §(X). If v ¢ T then
0(X)\0(v) = §(X\{v}) is a T-cut with less edges than
the minimum 7T-cut 6(X), a contradiction. On the
other hand, if v € T then by hypothesis |§(v)| > r and
therefore 6(X) > |§(v)| > r, a contradiction again.

CLamM Ife € Z and € € §(v)\Z, then the graph
G’ obtained by the edge-reduction on those two edges
preserves the size of the minimum T'-cuts.

We have to show that no minimum 7T-cut of G
contains both e and e’. This will prove that no T-cut
of G’ has less than r edges, since all T-cuts have the
same parity and no cut of G’ has more than two edges
less than the correspondent cut of G.

Let 6(X), X CV, be a minimum T-cut of G such
that v € X and Z C §(X). Suppose that there is a
minimum T-cut §(Y), v € Y C V, such that {e,e’} C
d(Y). See the illustration below:

1Because all T-cuts have the same parity, if v € T then
[6(v)| cannot be equal to r + 1.



Consider the following two cases:

case i. [TN(XNY)|is odd.
In this case, (X NY) and 6(X UY') are T-cuts.
Further, the inequality |6(X)|+|6(Y)] > |6(X U
Y)| + |[8(X NY)] is true?. Since §(X) and §(Y)
are minimum 7-cuts, §(XNY") must be minimum
too. But then ZU {e'} C4(X NY) and thus Z
cannot be maximal, a contradiction.

case ii. |T'N (X NY)| is even.

Since [TNY]isodd and Y = (Y NX)U (Y N X)
then [T N (X NY)| is odd, ie., 5(X NY) is a
T-cut. The set §(XUY) is also a T-cut. Further,
16(X)][+]8(Y)| > |6(XNY)|+|6(XUY)]|, because
ed |5(XNY) and e ¢ |6(X UY)|. Therefore
either (X NY) or §(X UY) is a T-cut that is
smaller than 6(Y"), again a contradiction.

We have shown that the edges e and e’ can be
used to reduce G to a graph with less edges. Thus
the result follows by induction. [

The conjecture 2.6 has as hypothesis that all T-cuts
have the same parity. If this assumption is dropped
then the minimax equality is not attained in general.
In fact, a counter-example can be obtained from any
3-graph with an even number of edges that does not
have 3 disjoint perfect matchings [9]. For example,
the graph shown in figure 4 is obtained from the Pe-
tersen graph with one vertex replaced by a triangle
and the edges subdivided by a vertex. It does not
have a 2-disjoint family of T-joins of size 4, but its
minimum 7-cut have size 2.

2The inequality is known as the submodularity property of
the set of cuts and can be easily proved by a counting argu-
ment.

Figure 4: A counter-example to the more general
minimax relation (from [9]).

3 A minimax equality and an
algorithm for |7'| <8

In this section we show a minimax equality for dis-
joint families of T-joins when |T'| < 8 and all T-cuts
have the same parity. Its proof is an application of
the method introduced in the previous section.

It is usually expected that problems related by
minimax equalities are solvable in polynomial time.
The problem of finding a minimum 7-cut can be
solved efficiently even in the most general form. This
result was shown by M.W.Padberg and M.R.Rao in
[8]. On the other hand, the problem of finding a max-
imum family of disjoint T-joins is NP-hard in general.

In [5] it was proved that deciding if a 3-regular sim-
ple graph is 3 edge-colorable is NP-complete. Since
the edge-chromatic number of simple graphs that are
3-regular is 3 or 4, and the graph is 3-edge colorable
if and only if it contains 3 disjoint perfect matchings,
this problem is just a particular case of the problem
of finding a maximum family of T-joins. Therefore
the latter problem is NP-hard.

However, for the case |T'| < 8, we are able to show
a polynomial time algorithm, which is a consequence
of the results from the previous section and the proofs
presented below.

Theorem 3.1 If |T| < 8 and every T-cut has the
same parity then the size of a mazimum disjoint fam-
ily of T-joins equals the size of a minimum T'-cut.



Proof: In the previous section we shown that if all
T-cuts have the same parity then the graph can be
reduced to an r-multigraph with its set of vertices
corresponding to the set T' plus some isolated ver-
tices. Further, the proof implies that any perfect
matching of the r-graph corresponds to a T-join of
the original graph. It follows that if we prove that
all r-multigraphs with eight or less vertices have r
disjoint perfect matchings then the present theorem
is true. The next lemma gives the result. [

Note that the reduction to an r-graph introduces
parallel edges to the graph and therefore the following
lemma must be proved for multigraphs.

Lemma 3.2 Fvery r-multigraph G = (V,E) with
|V | <8 has r disjoint perfect matchings.

Proof: If |V| =2 or r =0 then the result is trivial
and we can assume that |V| > 4 and r > 0. By in-
duction, let us assume that the result holds for every
G' = (V/,E'") with |V'| = |V| and ' < r or with
|[V'] < |V]. We consider two cases.

case i. G has a V-cut of size r that cannot be de-
fined as the cutset of a single vertex. A cut with
this property is called a nontrivial cut.
Let 6(X), X C V, be a nontrivial cut of size
r. Let G1 = (V1,E1) and GQ = (VQ,EQ) be the
two graphs obtained by the contraction of the
vertices in X and V'\ X, respectively, to one ver-
tex. Because |X| > 1 and |V\X| > 1, G; and
G5 are smaller than G. Because [06(X)| =r, Gy
and G are r-graphs. By the induction hypothe-
sis each of these graphs has r disjoint families of
perfect matchings, say F; and F5. Each perfect
matching in any of the families contains exactly
one edge of §(X). We can now “merge” the two
families into F = {t; Uts : t; € F1, t2 € Fa and
t1 Nty # 0}. The family F contains r disjoint
perfect matchings in G.

case ii. Every nontrivial V-cut of G has cardinality
greater than r.

By lemma 2.2, G has a perfect matching ¢ C
E. Consider the graph G' = (V,E\t). We
claim that G’ is an (r — 1)-graph. Let §(X),

X C V, be any V-cut of G'. If §(X) is triv-
ial then |d¢/(X)] = r — 1. On the other hand,
if 6(X) is nontrivial then [0g(X)| > r + 2 be-
cause every V-cut has the same parity. Since
|[V| < 8, then either |X| = 3 or |[V\X| = 3
and thus |0g(X) N¢| < 3. Therefore |d0¢/ (X)| =
[0c(X\t| >r+2—-3=r—1and G’ is indeed
an (r — 1)-graph. By the induction hypothesis
G’ has r — 1 disjoint perfect matchings and the
result follows by adding ¢ to this set. [J

The hypothesis in the statement of theorem 3.1
cannot be relaxed. The Petersen graph with T'=V
is a counterexample for |T'| = 10. Further, if T-cuts
of different parities are allowed then, although the
result remains valid for |T| = 2, the graph shown
in the figure 2 in section 1 is a counterexample for
|T| = 4.

The Algorithm As explained above, the general
problem of finding a disjoint family of T-joins of max-
imum size is NP-hard. Consider the following special
case of the problem:

Problem: Packing of T-cuts (special case)

Input: A graph G = (V,E) and T C V, |T| < 8,
such that all T-cuts have the same parity.

Output: A maximum disjoint family of T-joins.

The problem above can be solved in polynomial
time by the recursive algorithm below. The function
Min_TCut(G,T') returns a minimum 7-cut of G and
the function Pack-Matching(G) returns a family of
perfect matchings of an r-graph with |[V| < 8.

Pack (G, T')
let 7 := [Min_TCut(G)|
if v, v ¢ T such that deg(v) =1
then delete the edge adj. to v
if deg(v) =7, Yo € T and deg(v)
then return Pack_Matching(G
choose a vertex v ¢ T with deg(v) > 2
or with degree(v) > r
let e = (x,v) be an edge adjacent to v
for each edge e’ := (y,v) # e do
let G’ := graph obtained by the

=0,V e V\T



reduction operation on e and e’
if IMin_TCut(G")| = r
then let 7' = Pack(G’,T) and go to (*)
let ¢ € F' such that (z,y) €t/
let ¢ = ¢\ {(z, )} U {(z,0), (3, v)}
let F =F\t' Ut
return F

The size of a minimum 7T-cut computed by
Min_TCut(G) can be implemented by the algorithm
presented in [8]. The basis of the recursion calls
the procedure Pack_Matching(G) that finds r disjoint
perfect matchings in the r-multigraph with 8 vertices.
This function can be implemented following the lines
of the proof of the lemma 3.2:

Pack_Matching (G)
If G has a nontrivial cut §(X) of size r

then let G1 and G2 be defined as in the
proof of Lemma 3.2
Fy :=Pack_Matching(G1)
F, :=Pack_Matching(G2)
return F := {t1 Ut2 :

t1 € F1, ta € Fo and

t1 Nty # 0}
else t := any matching of G
G = (V,E\t)

return Pack_Matching(G’) Ut;

Let n = |V| and m = |E|. The running time of
Pack_Matching() is O(r - m + n). Finding a nontriv-
ial cut of size r takes O(m) and finding a perfect
matching takes O(1). The number of recursive call is
at most 7.

The running time of Pack(G,T) can now be com-
puted. The size of a minimum T-cut can be found
in O(n? - (m + nlogn)) by results in [8] and [7].
The total time for the algorithm can be bounded by
O(n* - (m + nlogn) +r - m).

4 Conclusions

We presented a new conjecture that is stated as a
minimax relation. Its equivalence to the generaliza-
tion of Fulkerson’s conjecture shows that it is a deep
statement. The technique we used to prove their
equivalence was used to prove a particular case for

|T| < 8 and also gave a polynomial time algorithm for
the problem of finding a packing of T-joins. We be-
lieve that the same technique may be useful in prov-
ing other similar results as well.
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